Given a Hilbert space t over the complex numbers and in & a spectral family P(E). By the latter is meant as usual a function P(E) whose argument varies over all elements E of some a-field e of subsets of some space 2J and whose value is for each E e @ a projection P(E) of & such that the mapping E --P(E) is a a-Boolean algebra homomorphism. We assume that the elements of are square integrable functions or equivalence classes of square integrable functions on some measure space X such that the square norm IlfI2 in & is given by the square integral over 3X. Then the problem of eigenfunction expansion may be formulated as follows: Do there exist functions s,(x, y) defined on I X ) and measures m,(E) defined on C such that if one puts for every f(x) E fT(Y) = fsT(x, y)f(x) dx (1) then it should follow that fr(y) be mr-measurable and square-integrable and that f(x) 12 dx = E If I (y) I 2 dmr(y).
(2) ) f
Here the functions sr(X, y) must be such that the integral in (1) exists for every f(x) e !, at least in the sense of limit in the mean, and s7(x, y) should for each fixed r and y be an eigenfunction of the family P(E) in some sense to be specified.
The second half of the problem is that of the existence of an inversion formula, i.e., whether the functions sr(x, y) are such that
exists in some sense such that as a function of x it is an element of and that 39, 1953 m(E) = m,(E) = < P(E)g, g >, " (y) defined by (5) is actually given by a system of integral equations of the form (1).
For this purpose put
for any element g = g(x) of t. Then (5) can be rewritten as
where the equality sign and the meaning of the integral in (8) must of course be taken in the same sense as in (5). Thus the problem arises when the set function g(x, E) is for a given x absolutely continuous with respect to the measure m(E) = <P(E)g, g>.
If Ej are elements of e for which m(Ej) -O 0 then we have, of course lim <P(Ej)g, g > = lim| P(E1)g| 2 = 0.
j j~~~~~.
Now if S& is the space V2(X) of all equivalence classes of complex valued measurable square integrable functions on X then we may conclude from (9) merely that for almost every x a subsequence of g(x, Ej) tends to zero, but one cannot conclude absolute continuity of g(x, E) in E for any one x! If, on the other hand, we take for Xi a function space in which strong convergence in ! implies pointwise convergence of the functions for every x e X, then we obtain immediately the desired absolute continuity and hence the existence of the Radon-Nikodym derivative <g(x, E) = s(x, y) for x e X and y e ,
bm (E) and therefore we may conclude that (5) or (8) implies (1) i.e., we assume that there exists a function k(x, t) defined (and measurable) on X X X which is square integrable in t for almost every x and such that {(A dcI-lfI(x) = (Kf)(x) = fk(x, )f(t)dS (11) for every f e 22(I). Since A is self-adjoint D can be taken to be the real line and m(E) a Lebesgue-Stieltjes measure. Since g(E) = P(E)g is clearly in the domain Z of A whenever E e e is a bounded subset of the real line we may put' g*(E) = (A -cl)g(E) (12) for every g e and bounded E e ; then g(E) = Kg*(E), i.e., g(x, E) = f k(x, t)g*(%, E) dt (13) for every E e (Y. Using now the assumption that k(x, t) is square integrable in t for fixed x we can write (13) as an inner product in t g(x, E) = <g*(E), kz > for almost every x,
where k, denotes for fixed x the function k(x, t) considered as an element of i = V22(X 
Then we obtain from (15) | go(x, E) < 1|g*(E)|| . |Ik,I| for every x e X and E E @. (17) Hence using (12) and (7) where 'y is a constant independent of j. Hence it follows that lim m(Ej) = 0 implies lim go(x, Ej) = 0 for every fixed x e X. (19) This proves that given any element g(x) of 22(X), then go(x, E) as defined by (7) and (16) is for every fixed x e X an absolutely continuous setfunction of E with respect to the measure m(E) = < P(E)g, g >, provided that there exists an integral operator of the form (10) which is of the Carleman type. Hence, applying the Radon-Nikodym theorem to the LebesgueStieltjes measure m. (E) we obtain for each g(x) 'E 22(X) a function s(x, y) by substituting go(x, E) in (10). Thus, in particular, if we do this for a suitable family of functions g,(x) for which the above spaces Ir are pairwise orthogonal and span S& we obtain functions s,(x, y) for which (1) and (2) hold.
This proves the existence of an eigenfunction expansion of the form (1), (2) for any seif-adjoint hypermaximal operator A = fydP(y) for which there exists an operator (11) of the Carleman type.
This can be applied to the classical problem of eigenfunction expansions for differential operators. Let then 22(X) be the Lebesgue space over a real (finite or infinite) interval X and L a formally self-adjoint (system of) ordinary differential operator(s). Under very general conditions on L the existence of a hypermaximal operator A is known, such that the intersection of the domains of L and A is dense in 22(X) and such that there exists a Green's function k(x, t) satisfying (11). Thus the existence of formulas (1) and (2) follows in this case at once from the above with hardly any computation; also knowledge of the Green's function k(x, 0) for only one suitable complex number c is seen to be sufficient forthis purpose. Inparticular it is seen that the above can be applied to avoid the use of the integrodifferential equation2 which H. Weyl employed in his derivation of a Plancherel formula for second-order ordinary differential equation. Also H. Weyl's subdivision into Grenzpunkt and Grenzkreisfall can be restricted to the existence proof of Green's function k(x, t) which we need only for one complex number c. The same remarks apply and hence lead to a simplification of the treatment of Eigenfunction expansion for ordinary differential operators given by K. Kodaira. Again the above implies that the integro-differential equation3 can be avoided and the derivation of the analog of equations (1), (2) and (3a) simplified.
It should be noted that whenever the functions sT(x, y) defined by equation (10) above are for fixed r product measurable on X X 2) so that the The above is also related to the generalized Peter-Weyl-Plancherelformula on certain locally compact topological groups. This will be discussed elsewhere.
1 Compare the following argument with the proof of theorem 5.4 given by K. Kodaira in "On Ordinary Differential Equations of Any Even Order and the Corresponding Eigenfunction Expansion," Am. J. Math., LXXII, 502-544 (1950) .
2 Equation (55), Math. Ann., 68, 239 (1910) .
